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Abstract
A function f deﬁned on the vertices of a graph G = (V ,E), f : V → {−1, 0, 1} is a total minus dominating function (TMDF)
if the sum of its values over any open neighborhood is at least one. The weight of a TMDF is the sum of its function values over
all vertices. The total minus domination number, denoted by −t (G), of G is the minimum weight of a TMDF on G. In this paper, a
sharp lower bound on −t of k-partite graphs is given.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
For notation and graph theory terminology we in general follow [4]. For a graph G = (V ,E) with vertex set V
and edge set E, the open neighborhood of v ∈ V is N(v) = {u ∈ V |uv ∈ E} and the closed neighborhood of v
is N [v] = {v} ∪ N(v). For a set S of vertices, we deﬁne the open neighborhood N(S) =⋃v∈S N(v), and the closed
neighborhood N [S] =N(S)∪ S. If T is another subset of V disjoint from S, we let e(S, T ) denote the number of edges
between S and T. G is a k-partite graph with vertex classes V1, V2, . . . , Vk if V (G)= V1 ∪ V2 ∪ · · · ∪ Vk , Vi ∩ Vj = ∅
whenever 1 i < jk and no edge joins two vertices in the same class.
For a real-valued function f : V → R the weight of f is w(f ) =∑v∈V f (v), and for S ⊆ V we deﬁne f (S) =∑
v∈S f (v). So w(f ) = f (V ). A minus dominating function of G is deﬁned in [1] as a function f : V → {−1, 0, 1}
such that f (N [v])1 for each v ∈ V . The minus domination number, denoted −(G), of G is the minimum weight of
a minus dominating function on G. Minus domination has been studied in [2,1,5,7–12] and elsewhere.
A total signed dominating function (TSDF) ofG is deﬁned in [6] as a functionf : V → {−1, 1} such thatf (N(v))1
for every v ∈ V . The total signed domination number, denoted st (G), of G is the minimum weight of a TSDF.
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A total minus dominating function (TMDF) of G is deﬁned in [3] as a function f : V → {−1, 0, 1} such that
f (N(v))1 for every v ∈ V . The total minus domination number, denoted −t (G), of G is the minimum weight of a
TMDF. Harris and Hattingh [3] showed that the decision problem for the total minus domination number of a graph
is NP-complete, even when restricted to bipartite graphs or chordal graphs. Linear algorithms for computing −t , st on
an arbitrary tree T are also presented.
In this note, we give a lower bound on the total minus domination number of k-partite graphs.
2. A lower bound on the total minus domination number of k-partite graphs
We ﬁrst give an inequality which will be used.
Lemma 1 (Kang et al. [10]). For k(k2) non-negative integers p1, p2, . . . , pk ,
√√√√(2 + 2
k − 1
) k−1∑
i=1
k∑
j=i+1
pipj 
k∑
i=1
pi .
Theorem 2. Let k2 and let G = (V ,E) be a k-partite graph of order n with vertex classes V1, V2, . . . , Vk , then
−t (G)2
√
k
k − 1n − n.
Proof. For n= 2 the assertion is trivial, so suppose that n3. Let f be a TMDF of G satisfying f (V )= −t (G) and let
M = {v ∈ V |f (v) = −1},
P = {v ∈ V |f (v) = 1},
Q = {v ∈ V |f (v) = 0},
Mi = M ∩ Vi, Pi = P ∩ Vi, Qi = Q ∩ Vi ,
mi = |Mi |, pi = |Pi |, qi = |Qi |, i = 1, 2, . . . , k.
Then
n =
k∑
i=1
pi +
k∑
i=1
qi +
k∑
i=1
mi . (1)
Since f (N(v))1 for every v ∈ V , we have |N(v) ∩ P |1 for every v ∈ Mi, i = 1, 2, . . . , k. So
e(P,M)
k∑
i=1
mi . (2)
For each v ∈ Pi , we have
|N(v) ∩ M| |N(v) ∩ P | − 1.
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Hence
e(P,M) =
k∑
i=1
∑
v∈Pi
|N(v) ∩ M|

k∑
i=1
∑
v∈Pi
(|N(v) ∩ P | − 1)

k∑
i=1
pi
⎛
⎝ k∑
j=1,j =i
pj
⎞
⎠− k∑
i=1
pi
= 2
k−1∑
i=1
k∑
j=i+1
pipj −
k∑
i=1
pi
2
k−1∑
i=1
k∑
j=i+1
pipj −
√√√√(2 + 2
k − 1
) k−1∑
i=1
k∑
j=i+1
pipj . (3)
Combining (2) and (3), we have
k∑
i=1
mi2
k−1∑
i=1
k∑
j=i+1
pipj −
√√√√(2 + 2
k − 1
) k−1∑
i=1
k∑
j=i+1
pipj . (4)
We deﬁne a function
f (x) = 2x2 −
√(
2 + 2
k − 1
)
x −
k∑
i=1
mi .
Let f (x)0, then we have
x
√
2 + 2/(k − 1) +
√
2 + 2/(k − 1) + 8∑ki=1 mi
4
or
x
√
2 + 2/(k − 1) −
√
2 + 2/(k − 1) + 8∑ki=1 mi
4
.
So from (4), we get√√√√k−1∑
i=1
k∑
j=i+1
pipj 
√
2 + 2/(k − 1) +
√
2 + 2/(k − 1) + 8∑ki=1 mi
4
. (5)
By (1) and Lemma 1, we get√√√√(2 + 2
k − 1
) k−1∑
i=1
k∑
j=i+1
pipj +
k∑
i=1
mi +
k∑
i=1
qin. (6)
Using (5) and (6), we obtain
k
2(k − 1) +
1
2
√√√√( k
k − 1
)2
+ 4
(
k
k − 1
) k∑
i=1
mi +
k∑
i=1
mi +
k∑
i=1
qin (7)
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and
k
2(k − 1) +
1
2
√√√√( k
k − 1
)2
+ 4
(
k
k − 1
) k∑
i=1
mi +
k∑
i=1
min. (8)
Using (7), we have
−t (G) = f (V (G))
= n −
k∑
i=1
qi − 2
k∑
i=1
mi
 k
2(k − 1) +
1
2
√√√√( k
k − 1
)2
+ 4
(
k
k − 1
) k∑
i=1
mi −
k∑
i=1
mi . (9)
For notational convenience, set
y = 1
2
√√√√( k
k − 1
)2
+ 4
(
k
k − 1
) k∑
i=1
mi ,
yielding
y k
2(k − 1) .
And (8) becomes
k
4(k − 1) + y +
k − 1
k
y2n
implying
y 2
√
k(k − 1)n − k
2(k − 1) . (10)
Furthermore, the right-hand side of (9) becomes
3k
4(k − 1) + y −
k − 1
k
y2,
denoted by h(y), then h(y) is monotonously decreasing for yk/2(k − 1) as
dh
dy
= 1 − 2(k − 1)
k
y0.
Therefore, combining (9) and (10) we have
−t (G)h(y0) = 2
√
k
k − 1n − n,
where y0 denotes the right-hand side of (10).
That the bound is sharp, may be seen as follows. For integers r1, k2, let Hi (i = 1, 2, . . . , k) be the graph
obtained from the disjoint union of r stars K1,(k−1)r−1 with centers Vi = {xi,j | j = 1, 2, . . . , r}. Furthermore, let
Ui denote the set of vertices of degree 1 in Hi which are not central vertices of stars and write Xi = Vi ∪ Ui+1,
where i + 1(mod k). We let Gk be the k-partite graph obtained from disjoint union of H1, H2, . . . , Hk by joining
each center of Hi (i = 1, 2, . . . , k) with all centers of⋃kj=1,j =iHj . By construction, Gk,r is a k-partite graph of order
n = kr + kr[(k − 1)r − 1] = k(k − 1)r2 with vertex classes X1, X2, . . . , Xk and |Xi | = (k − 1)r2. Assigning to all
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Fig. 1. A bipartite graph Gk,r with k = 2, r = 3.
kr central vertices of the stars the value 1, and to all ether vertices the value −1, we produce a TMDF f of weight
w(f )= kr − kr(2k− 1)= 2kr − 2k2r = 2√k/(k − 1)n−n. Fig. 1 shows that an example of a bipartite graph of order
18 for which −t = −6. 
Corollary 3. If G is a bipartite graph of order n, then −t (G)2
√
2n − n and this bound is sharp.
From the deﬁnitions of total signed domination number and total minus domination number, it is easily seen that
st −t (G) for a graph G.
Corollary 4 (Henning [6]). If G is a bipartite graph of order n, then st (G)2
√
2n − n.
Acknowledgment
The authors wish to express their appreciation to the referees for their suggestions.
References
[1] J.E. Dunbar, W. Goddard, S.T. Hedetniemi, M.A. Henning, A. McRae, The algorithmic complexity of minus domination in graphs, Discrete
Appl. Math. 68 (1996) 73–84.
[2] J.E. Dunbar, S.T. Hedetniemi, M.A. Henning, A. McRae, Minus domination in graphs, Discrete Math. 199 (1999) 35–47.
[3] L. Harris, J.H. Hattingh, The algorithm complexity of certain functional variations of total domination in graphs, Austral. J. Combin. 29 (2004)
143–156.
[4] T.W. Haynes, S.T. Hedetniemi, P.J. Slater, Fundamentals of Domination in Graphs, Marcel Dekker, NewYork, 1998.
[5] M.A. Henning, Domination in regular graphs, Ars Combin. 43 (1996) 263–271.
[6] M.A. Henning, Signed total domination in graphs, Discrete Math. 278 (2004) 109–125.
[7] M.A. Henning, H.R. Hind, Strict majority functions on graphs, J. Graph Theory 28 (1998) 49–56.
[8] M.A. Henning, P.J. Slater, Inequalities relating domination parameters in cubic graphs, Discrete Math. 158 (1996) 87–98.
[9] L.Y. Kang, M.C. Cai, Upper minus domination in regular graphs, Discrete Math. 219 (2000) 135–144.
[10] L.Y. Kang, H.K. Kim, M.Y. Sohn, Minus domination number in k-partite graphs, Discrete Math. 277 (2004) 295–300.
[11] L.Y. Kang, H. Qiao, E. Shan, D. Du, Lower bounds on the minus domination and k-subdomination numbers, Theoret. Comput. Sci. 296 (2003)
89–98.
[12] L.Y. Kang, E. Shan, Lower bounds on dominating functions in graphs, Ars Combin. 56 (2000) 121–128.
